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F = ma, Important Equation, Big Mistake

Ali F. AbuTaha
Fairfax, VA
May 2005

The equation F=ma (Force = mass x acceleration) is considered the most important
scientific concept in physics, engineering and, even, in history. It isgenerally believed that
Sir Isaac Newton developed the equation in his Second Law of Motion. In this paper, it is
shown that Newton did not originate the equation F=ma and that the Second L aw has
nothing to do with the equation. The original derivation of the equation is also given.

In his highly acclaimed book, “Mathematica Principles of Natura Philosophy,” or Principia,
Newton included the famous Three Laws of Motion. The Second Law states, “ The alteration of
motion is ever proportional to the motive force impressed.” Taking these words to imply the

important equation F=mavis perhaps the biggest mistake in the history of science.

“Alteration,” in the Second Law is generdly taken to mean the rate of change, or the derivative,

of athing with respect to time. “Force’ is believed to be the force of pushing or pulling.

“Motion” isthe key “key word” in the Second Law. Everyone believesthat, here, Newton means
the “quantity of motion” of Descartes, which we cal today momentum, or mass times velocity,

or mv. The equation, F=ma, is nowadays derived from Newton's words by taking the derivative
of the momentum with respect to time.

Newton, like other 17" century scientists, used the word “force” freely to refer to our present day
force, momentum, energy and power. Right on Page 1 of his book, he defines momentum
(Definition 111) asthe “visindta” or “innate force,” or, from his earlier English writings, “ye

force of ye bodys motion.” Thisisthe “force of abody’s motion” that Descartes used to andyze
impact. If the momentum isthe “visingta” or inertid force, then what is the “quantity of

motion,” aso defined on Page 1 (Definition 11) and used by Newton in the Second Law?

The “motion” in Newton's Second Law is not Descartes' quantity of motion, or momentum.
Newton's “motion” is the quantity mv?, which is known by the names, “visviva” living force, or
Leibniz s Number! The“visviva' isnot hidden in the deep obscurity of the Principia. The vis
vivaisin plain view, on Page 1 of the book. After defining “the quantity of motion” as“arisng

from the velocity and quantity of matter (mass) conjointly,” Newton eaborates as follows. “The
motion of the whole is the sum of the motions of all the parts; and therefore in a body doublein
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quantity, with equal velocity, the motion is double; with twice the velocity, it is guadruple,”
emphasis added.

What happens to the “momentum,” mv, and the “vis viva,” mv?, when the mass, m, then the
veocity, v, are doubled? Newton' s underlined words are illustrated in the following Tables.

2m 2V
momentum (mv) | (2m)(v) = 2mv (m)(2v) = 2mv
visviva(m?) | (2m)(v¥) =2mv® | (m)(2v)? = 4mv?

In words, the Table would look like this:

2m 2v
momentum (mv) | Doubles Doubles
visviva (mv?) Doubles | Quadruples

There is one condition when the quantity of motion quadruples, and that is the case of the “vis

viva' when the velocity, v, is doubled.

It seems that Newton's Second Law relates to Leibniz’'s Number and not to Descartes Motion.
To differentiate his“motion” from Lebniz's mation, Newton did astrange thing in the Principig;
he deleted the mass, m, from the expression mv? and represented the motion with the remaining

term, “v2.” Thisis shown later with straightforward Examples from the Principia
Firg, it is useful to explain why Newton did whet he did. Consider the following events:

1. Newton began to work on the Principiain late 1684. The minutes of meetings of the
Roya Society (RS) indicate that Haley was told to inform Newton that the RS would
protect Newton's priority to hisinvention and would publish the anticipated book.

2. Inlate 1685, Haley told the RS, in response to inquiry, that the book would be finished
in about four week.

3. Four weeks passed, then four months, then nine months, and then ayear, and the RS did
not receive the book. Eventudly, the RS told Halley that, if there were a book, he should
pay for its publication himsdf.

4. Findly, the Principiawas published in the summer of 1687, 18-months behind schedule,
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What happened in early 1686 to delay publication of the Principia and to send Newton into, the
widdy publicized, feverish activity for 18-months to rewrite the book? Consider the following
relevant facts.

1. Before 1686, there was only one “quantity of motion” known in Europe, i.e,, Descartes
momentum, or mv. Let us cal Descartes motion QM 1.

2. Inearly 1686, Leibniz published, “A Brief Demondration of a Memorable Error by
Descartes” In this paper, Leibniz introduced another quantity of motion, mv?, which he
cdled the“visviva' or living force

At thetime, Leibniz's 1686 paper seemed to demolish Descartes QM1 as the true measure of
“motion.” Newton could not use QM1 for motion in a 1686-87 publicetion, i.e., after Lelbniz's
paper, without first countering LeibniZ' s contentions. It took Leibniz ten years to recognize the
role of momentum and energy in physics, in awork published around 1696. But by then, Newton
hed falen into the “visviva’ trgp. After two extensve revisons of the book by Newton and
others, the “visviva’ remans clearly vishble, though artfully disguised, in the Principia

To clearly see why Newton did what he did with the vis viva, it is also ussful to quickly review
how the concept came about, in the firgt place.

Theinspiration for the “visviva,” the forerunner of the modern kinetic energy, originated with
Galileo. Gdlileo's equations for uniformly accelerated mation include the following equations,
which are familiar to everyone,

@ v=a
(2) h=1g?
3 V=2gh

Where, v isveocity, a, or g isaccderaion, tistime, and histhe height in freefall.

Lebniz began with eg. 3, which is used today to caculate the velocity of a descending stone,
roller coaster, or space probe; or a cannon ball projected upwards. He multiplied both sides of the
equation by the mass, m, avaid mathematica step, to obtain,

(4  2mgh=mv

The present energy equation, i.e., potential energy = kinetic energy, can be derived from the last
expression, by dividing both Sdes by 2 to obtain,
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(5) mgh=%m?

Leibniz was specific about the value of the visviva, i.e, mv2. He referred to the expression
“2mgh” as the force needed to lift abody a distance h, or the weight times the height. The author
is not aware of how Lebniz handled the factor “2” on the left in eg. 4, or the factor “%2" onthe
right in eg. 5. The same issue gpplies to Newton, aswill be described later. Setting aside the
factors 2 and %2, Leibniz referred to both energy expressonsin eg. 4 by the word force.

The“visviva’ was hotly debated for 200 years after it was introduced. In the derivation of the
law of conservation of energy in the 19" century, Y oung, Carnot, Mayer, Joule, Helmholtz and

others usad the terms “force” and “visviva' for energy.

The Principiawas controversd from the beginning. When the book was firgt published, Leibniz
and Newton's own countryman, Robert Hooke, accused Newton of infringing on their work.
Newton canceled al reference to Leibniz and demoted the great contributions of Hooke in the
book. These events have been widely covered in scientific and popular literature in the last 300

years, but, the vis viva controversy was never resolved.

Digpassonate examination of the Principia shows that Newton did a strange thing in the book.
Specifically, Newton deleted the mass, m, from the expression mv2, and he called the remaining
term “v*” motion. In particular, Newton opted to use Gdlileo's eq. 3, or V2 = 2gh, in place of
Leibniz's equation, mv? = 2mgh, for the Second Law of Motion. No one noticed Newton's
choices for 300 years. The choices made for awkward writing by Newton, from which he was

unable to recover for forty years after the initid publication of the Principia

The author has carefully sdected some Examples from the Principiato corroborate the thes's of
this paper. Specid care istaken to make the examples clear to everyone.

EXAMPLE 1

Historians of science have expressed astonishment that Newton did not credit Descartes for the
“motion” used in the Second Law; instead, Newton credited Galileo. Specifically, Newton writes
in the Scholium appended to the Laws of Mation,

“By thefirst two Laws ... Galileo discovered that the descent of bodies observed the
duplicateratio of thetime ...”
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We dl know how Galileo was relevant to the First Law of Mation, or the Law of Inertia But,
how was Gdliileo rdevant to the Second Law? How was Galileo rdevant to F=ma? This has been
considered a mystery. The mystery disappears when one redlizes that Newton's Second Law is
srictly a statement of Galileo's equation V2 = 2gh, as clearly shown below.

EXAMPLE 2

The confusion surrounding the issue arises from Newton's arbitrary use of the word “force,” and
his proclivity to needlessy complicate e ementary matters. Newton defines “force,” before the

Laws of Moation, as originating “from percussion, from pressure, from centripetal force” and the
centripetal force to consst of “three kinds: absolute, accelerative, and motive.” Setting these and

other complications aside, let uslook at how Newton uses the word “force.”

Consider the widely known equation of distance, or space, in freefdl, or eq. 2, h=%¢>. The
equation can be written in three forms, using dementary agebra, asfollows,

@ h=%gt
(b) g=2ht
(© t?=2hg

If we ask amodern mathematician, scientist, engineer or philosopher to describe the above
relationshipsin Euclidean (or Newtonian) language, he or she might write, for (a) the spaceis
proportiona to the acceleration and the squares of the times directly; for (b) the acceleretion is
proportiona to the spaces directly and the squares of the times inversely, and for (c) the squares
of the times are as the spaces directly, and the accderation inversdly.

Let us now look a how Newton describes the above three forms of the smple free fall equation.
The reader can find thisin the Corollariesto LEMMA X of Book | in the Principia.

For h =12 gt?, Newton writes, “COR 3. ... any spaces whatsoever ... are as the forces and
the sguares of the times conjunctly.”

For g = 2h/t?, Newton writes, “COR. 4. And therefore the forces are as the spaces ...
directly, and the squares of the times inversely.”

And for £ = 2h/g, Newton writes, “COR. 5. And the squares of the times are as the spaces
described directly, and the forces inversely.”
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Note that Newton specificdly cadlsthe accderation “g” “forces.” Leibniz called mgh force;
Newton calls g force. We cdl g acceleration; Newton cdlsit force.

In Corollary 1 of the same Lemma X, Newton refersto “g,” as“forces ... applied to the bodies.”
The mass, m, is not mentioned, implicitly or explicitly, by Newton.

As dsaewhere in the Principia, Newton ignores the factor “%2" in Corollary 3, and the factor “2”
in Corollaries 4 and 5. The same was mentioned of Leibniz earlier. These factors are more
important in mathematics and physics than has been redized to date. Principia scholars should
reexamine how Newton, and others, handled the factors “2” and “¥%’ in their work.

EXAMPLE 3

The reeder should reexamine the Principia objectively, and not be intimidated by the seemingly
indecipherable book. The book iswritten in Smple Euclidean form that is needlessy, though
deliberately, complicated by Newton. The following is a conspicuous, eesly verifiable, example
of how Newton represents Leibniz' s equation, 2mgh = mv?, geometricaly, but uses Gdileo's
equation, V2 = 2gh, verbaly. This Example aone should leave no doubt in anyone's mind about
the true meaning of Newton's Second Law of Moation. All educators must grasp this Example to
explain itsimport to their sudents.

The problem of a body, of weight mg, faling fredy from a given height, h, or projected upwards
to the same height, is found in dl introductory physics textbooks, including, high school books.
Thisisthe smplest free fadl problem involving force and distance. The force, mg, and the
distance, h, can be represented as shown in Fig. 1. The area of the typical resulting rectangle is
equal to the work (force times distance, or mgh) or the potentia energy (mgh). How isthe area
of the rectangle, i.e,, the potentid energy, related to the maximum kinetic energy? One can use
simple agebrato show that the area of mgh is equal to the area of amv?, by substituting for v
from Gdlileo's equations, or,

=1 ,
mgh = %2 mv? . | F
mgh = ¥ m(2gh) 5

Area= Force x Distance

- Area=mgh

mgh=mgh . 5

Distance
Fig. 1 Forcevs. Distancein Local FreeFall
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And s0, the area of the rectangle representing the potentia energy, mgh, isequad to the area

representing the kinetic energy. Thistype of problem is not trested in physics books, primarily

because, 100 years ago, Hertz, Mach, Boltzmann and others were unable to incorporate the force

(maor mg) into the energy relationships. Thislimitation is solved in future papers.

How does Newton represent the above smple free fdl problem, schematicdly and verbdly?

Fig. 2 isNewton’'s geometrica representation of the above smple problem. The force is shown
on the horizonta axis, and the height is shown on the verticd axis. Because localy, the force,
F=ma, is congtant, the potentia energy will be represented by the smple rectangle ABF D,

where F is added to Newton's origina diagram.

Newton complicates matters by showing the
centripeta force to vary with height, the curved line
BFG. Thisistruefor the distance to the Moon, but
inloca freefdl, the force is constant. Newton
knows this and o, for locd freefal, hewritesin
Proposition 39, Problem 27, Book | of the Principia,
“suppose EG to coincide with the perpendicul ar
AB.” He now obtains the rectangle ABF D, which is
gmilar to our rectanglein Fg. 1. Although the
ample rectangleis distinctly described verbdly by
Newton, he does not show it schematicaly.

B T
A
/—V
P Q
/F’
D L/ F__Ir
E M HG 5

C

Fig. 2 Newton’s Schematic for FreeFall
Red dotted line illustrates Newton’ s words.
For local freefall, compare ABF D to Fig. 1.
Source: Principia, Book 1, Proposition 39

After daborate andyss, Newton concludes (in paragraph 3) that, “the area itself will be asthe

square of that velocity,” or V2. Referring to his diagram, or Fig. 2, Newton writes, “the area
ABFD will beasVV,” or V*. The previous smple dgebraic steps show thisinstantly.

Newton demonstrates here that the area, we cal mgh, is proportiond to “v=.” Do you see the

mess? If Newton's “force,” on the horizonta axis, is the familiar F=ma, or F=mg, then the area
of the rectangle would be “as’ mv?, or the vis viva, and not “as VV,” as Newton writes.

There should be no question about it. Newton's Second Law of Motion, as he demonstratesin
Proposition 39 and elsewhere, is Gdlileo's equation V2 = 2gh. This explains why Newton credited

Gdlileo for the Second Law of Motion, which is not reated to the equation F=ma.in any way.
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The author will add that Newton' s daborate infinitesma andysis for locd freefdl, asgivenin
Proposition 39, isitsalf wrong. Thiswill be explained in future papers and lectures. Physicists,
mathematicians and engineers, and, even, students, can now step up to the chalenge and try to
find out what iswrong with Newton's infinitesma analyss and, more importantly, to develop
the correct mathematica and physical solutions.

EXAMPLE 4

The reverse of the Second Law of Mation is given by Newton in Definition VI & the beginning
of the Principia. In the Second Law, “the dteration of motion,” Newton writes, is proportiona to
the “motive forceimpressed.” Here, the motive force, he writes, is*proportiond to the motion.”
How can this be? How can this be overlooked for 300 years? The hdlmark of the force, in the
equation F=ma, isthat it is congtant. In free fal, the moving body accd erates, its momentum

(mv) increases and its energy (mv?) increases; but the “force” that causes the acceleration is
congtant. Newton knows this. Although he does not show the constant force, F=ma, in hisFig. 2
in the previous Example, he saysit in distinct words in Proposition 39, “suppose EG to coincide
with the perpendicular AB,” for locd freefdl.

Theforcein F=ma cannot be proportiona to the motion, whether the motion is Descartes’ or
Leibniz's. Newton's “motive forcg’ in the Second Law is not the force F=ma. The reader will
note that the potential energy, mgh, is proportiona to mv2, and 2gh is proportiona to V2. Thisis
another distinct proof that Newton's Second Law is Galileo's equation, V2 = 2gh.

EXAMPLE 5

Newton defined important terms before he used them, but he did not define the word “dteration”
before the Second Law. Examination of the Second Law and Definition V111, together, reveds
that the word “dteration,” in the Second Law, is used for its plain meaning in the dictionary; eg.,
to change athing without changing its nature. If 1la= 1b, then, 2a=2b, 3a=3b, and so on. The
reader can hear this concept in Newton'’s brief explanation of the Second Law,

“If any force generates a motion, a double force will generate double the motion, atriple
forcetriple the motion ...”

In Galileo's equation and Newton's Second Law, or, V2 = 2gh, the left and right sides are
proportiond. If the value of oneis“dtered,” e.g., doubled or tripled, the value of the other Sdeis
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proportionately atered. In Newton's example, or 2gh = V2, we have 2x2gh=2xv?, 3x2gh=3xv?,
and so on. Thereis no hint here of any fluxional or differentia analyss.

The widely held belief that Newton’s word “ dteration” in the Second Law meansthe “rate of
change” or, the “derivative” iswrong. As amply shown above, Newton's “motion” is V2, which
he usesin place of mv?. Furthermore, the derivative of either V2 or mv? has nothing whatsoever

to do with the equation F=ma, as dl teachers of mathematics can show.

EXAMPLE 6

The Holy Grail for Newton's Principiais universd gravitation. Newton does not claim that he
discovered any of the Three Laws of Motion. Thetitle for the Laws states“ Axioms, or Laws of
Motion.” Axioms are a priori known facts. According to Newton, the Laws of Motion were
axiomatic, known and accepted before his book was written.

In the Scholium to the Laws of Motion, Newton writes,

“ Hitherto | have laid down such principles as have been received by mathematicians,
and are confirmed by abundance of experiments.”

Newton expresdy writes that he (a mathematician among mathematicians) “received” the Laws.
From whom were the Laws received? Immediatdly after this sentence, Newton credits Galileo

for the First and the Second Laws, as described earlier. Who delivered the Third Law of Mation,

or the Action-Reection Law? It has not been recognized before, but Aristotle stated the Action
Reaction Law verbatim two thousand years before the Principia. In his distinctive style, Aristotle
writes, “As the Pusher pushes, so is the Pushed push, and with equal force,” in On the Motion of
Animas Newton gives the following example for the Third Law, “ If you press a stone with your
finger, the finger is also pressed by the stone.” Here, the finger is the Pusher, and the stone isthe
Pushed. Newton's Third Law of Motion is evidently Aristotl€' s Action-Reaction principle.

Newton’s Second Law of Motion is avague statement of Galileo’s equation, V2 = 2gh, which
Newton might have used to distinguish it from Leibniz's energy equation, mv? = 2mgh. Thereis
one difference between the two forms, in Newton'’s, the mass, m, is deleted.

Author’s Note

The Principia has been described as the grestest scientific work ever. Y et, some say that, when
published, only two people could understand it, Huygens and Leibniz. Others say that 5 or 7
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people could understand the book then, including, Hooke. But, Huygens, Hooke and Leibniz
criticized the book. Cambridge scholars, who received copies of the book when first published,
sad that they could spend seven years sudying it before they understood aword of it. In spite of
this, the book is the bass of design of important modern systems.

Newton declared that he wanted the book to be undecipherable. The book is decipherable, as can
be seen from the evident Examples given above. The legacy of the Principiawill be revised.

Rather than open up doors of opportunity, especially, in mathematics and physics, the Principia
impeded progress, particularly, in England. In early 19" century, great English scientists, from
Cambridge and elsawhere, lamented the decline of the sciencesin England, for the hundred years
after the Principia. Afterwards, € ectromagnetic and quantum theories, which do not rely on
Newton’s book, and their associated technologies, advanced in legps and bounds in the 20"
century. In mechanica and aerospace engineering, and the author is a mechanica/aerospace
engineer, progress has been tortuous, and problems have been many and expensive. Here, the
primary tools of the aerospace engineer include Newton’s Three Laws of Mation, which, as
shown above, are not Newton's, and the most important tool is the equation F=ma, which, as
aso shown above, is not Newton's Second Law of Mation.

Aerogpace systems are the ultimate test of Newtonian mechanics. The complex mathematical
andlyss of the 1960's, augmented, for the first time, with mainframe computer capabilities, led
usto phenomend achievements, but so costly fallures. We designed complex systems. We
tested the systems, subsystems and components. When the first tests failed, we redesigned and
retested. A perilous trend was born. Elaborate and expensive tests became the toal to arrive at
workable systems. In early 1970's, senior managers at COMSAT gave the author free hand to
research the subject of this paper and to ingtitute correctionsin spacecraft and terrestria systems.
Despite numerous successes in the 1970s, the task was difficult. In the next decade, senior
managers from NASA recommended that the space agency ook into the matter. No one dared
question the dogmatic belief in the Principia

The author’ s attempts to correct the above destructive trend are widdly known in public, private
and academic circles, epecidly, in the aerospace communities. The intransgence of aerospace
expertsin this matter has brought the space program to its knees. As widely reported today, even
the top experts do not believe in the possibility of safe spaceflight. Y &, very safe economica
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spaceflight can be achieved. Thefirg step isthat every engineer, scientist and mathematician
must recognize what the equation F=ma means and what it does not mean, who derived it and
who didn’t, and how to use the equation correctly everywhere it is used.

Examples 1-6 clearly show that the equation F=ma.is not embodied in Newton’s Second Law of
Moation. Furthermore, it is shown that the governing equation in the Second Law isthe smple
free fal equation, V’=2gh, which isfound in &l introductory physics textbooks. If Newton did
not develop the equation F=ma, then, who did?

The Original Derivation of the Equation F=ma

Some may think it plausible that any of the 18" century mathematicians, who used the calculus
after Newton and Leibniz, might have been thefirgt to devel op the equation, e.g., the Bernoullis,
Euler, D’ Alembert, Laplace, Lagrange, etc. But that is not the case.

Gdileo's sudent, Evangeligta Torricdli, correctly derived the equation before the time of
Newton and Leibniz. Hereis a quick recongtruction of how Torricdli did it.

Torriceli began with Gdileo’' s dementary equation of uniformly acceerated motion, or,

@ v=a
Multiplying both sdes of the equation by the mass, m, of amoving body, a vaid mathematica
sep, Torricelli obtained,

(6) mv = mat
For the very familiar “ma’ on the right Sde of the equation, Torricelli substituted the force, F.
Switching terms, the equation becomes,

) Ft=mv
Thisisthe impulse eguetion that we use today to calculate the force on, or velocity of, agolf ball
sruck with aclub or abasebal hit with a bat; where the time of contact is brief. Dividing both
gdes of the equation by thetime, t, Torricelli obtained,

(8) F=m (Vi)
But, v/t isequd to the accdleration, a from Galileo's eq. 1. Subdtituting for v/t, we obtain,

9 F=ma
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In the last four steps, the important equation F=mavis derived twice, usng dementary agebra,
and without any caculus.

Torriceli explained the meaning of the equation F=mawith remarkable examples, for histime,

in the cases of freefal and uniformly accelerated horizontal motion. He o noted that when the
time, t, in eg. 8 gpproaches zero, the force becomes infinite. To Sdestep the mathematical
difficulty, Torricdli used infinitesmal units of time in his andyd's to become one of the
precursors of the calculus, with Descartes, Fermat, Pascd, Bordlli, Walis and |saac Barrow.

Conclusion

This paper is part of Lecture One, of Four Lectures, proposed by the author in May 2005, with
theftitles, (1) F=ma, Important Equation, Big Mistake, (2) Finding the Lost Force and A New
Principle of Superposition, (3) True Form and Meaning of the Conservation of Energy and
Momentum, and (4) Mahematics of Dialectic and the Forms. The Lectures identify big mistakes,
and present well thought out solutions, in mathematics, physics, engineering and philosophy. The
mistakes continue to adversdy affect important subjects and systems.

In this paper, it is shown that the very important equation F=ma.is not embodied in Newton's
Second Law of Moation. It is also shown that Newton's Second Law is an odd representation of
the well-known equation of freefall, or v = 2gh. The origind straightforward derivation of the
equation F=maby Torricdli, which can be easily followed by experts and sudents dike, isaso
described.

When faced with the difficult choice between truth and dear friends, Aristotle chose Truth over a
very dear and great friend, Plato. Today, the reader faces the same choice between the Truth and
another greet friend, Sir Isaac Newton. Smilar difficult choices await the reader in the remaining

L ectures and papers.

The equation F=maiis at the foundation of modern physics and engineering. The equation is not
an end; it isameansto asurprising end. It seemsthat only Gdlileo tried to achieve the important
end in the last 400 years. Experts and students can begin the quest for the surprising end, by
trying to find answers to the questions raised in this, and future, papers. The author first detected
errors in the Principia while a student in high school in Amman, Jordan in the 1950's. Excdllent
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educeation and mentoring played a key role then. Educators and mentors should not hesitate to
involve young students in this intdllectud ques.
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